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LIST OF SYMBOLS 

UMw 'longitudinal displacement in m w f '  mode 
X-?, tangential displacement in wM4'mode 

4 L  radial displacement in mWt'mode 
A- longitudinal di sp 1 acement amplitude 

&- tangential di spl acement amplitude 
c-+ radial displacement amplitude 

/YYI, 

/M, 

tA) frequency of vibration 

t time 

EL longitudinal coordinate 
8 peripheral coordinate 

a radius of the cylinder 

E 

number of axial half waves in vibration pattern 

number of circumferential waves i n  t-ibiratior; p a t t e r =  

modulus of elasticity of the shell material 

Poisson's ratio for the shell material 

thickness of the shell wall 

length of the shell between supports 
A 
1 

HN displacement transfer functions for longitudinal, 
tangential and radial displacement respectively wJ 3 

A =  -+4 

.p internal pressure 

?&* resistive impedance of fluid external to the shell 

z-.k reactive impedance of fluid external to the shell 
k+- reactive impedance of internal fluid 



fi 
P; 
J damping parameter 

e;. 
e, 

mass density of outside medium 

mass density of internal fluid 

sound velocity of fluid inside shell 

sound velocity in medium surrounding shell 
mass density of shell material 

k k&structural damping forces per unit area in the 
K’ ’ kdt.’ 3t directions respectively 

r radial direction 

applied pressures in tile W,dr directions re- 
spectively Fi> 6, 6 

internal fluid pressure 

external fluid pressure 7%. 
45 A r  total displacements in the X, $ I directions re- 

spectively 



I. Introduction 

At certain stages of the flight a missile structure is exposed to 
intense jet noise. 
ized close to the yield point of the material, thus the additional 
stresses induced by the jet noise could easily produce failure of 
the tanks. Since the static:design of the tanks is so marginal, it 
is necessary to know how much additional dynamic stress is induced 
by way of the jet noise. The payloads are connected through attach- 
ments to the missile casing. Thus violent vibrations of the shell 
can result in violent motions of the payload unless enough is known 
about the vibration environment so that proper mounting of payloads 
can be achieved. 

A limited amount of test data exists on response of the missile skin 
due to jet noise, but for the most part only theoretical predictions 
based on simplified theories are readily available. This theoreti- 
cal study has been divided into two main phases. The first phase 
which is being presented here consists of the computation of the mis-. 
sile shell response due to random lqading. The second phase will be 
devoted to computation of the payload response using the shell mo- 
tions as the input accelerations to the payload. 

In predicting the response of shell structures one must be careful to 
consider all the important modes. In thin cylindrical shells the 
complication of the modal pattern is by no means a criterion for pre- 
dicting the predominant modes as will be seen later in the report. 
For example, it is possible in thin cylindrical shells that for cer- 
tain low frequencies the mode corresponding to twenty full waves 
around the periphery may be more important than the one correspond- 
ing to five. Each shell must be calculated separately and no gen- 
eral rule can be stated regarding the pre6omiriaiic.e of c e r t a i r ;  mcdes. 

A frequency spectrum must first be computed to obtain the most important 
modes at given frequencies. The response functions can then be 
computed and the random response built up from these. Hand computa- 
tions can be carried only so far with these complicated systems. It 
1. 
A. Powell, "On the Response of Structures to Random Pressures and 
to Jet Noise in Particular," Random Vibration, edited by S. Cran- 
dall, John Wiley and Sons, Inc., 1958, p.  187. 

I. Dyer, "Estimation of Sound-Induced Missile Vibrations, I' Ibid, 
p. 231. 

The thin walled tanks of a missile are pressur- 

2. 
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11. 

i s  n e i t h e r  e f f i c i e n t  nor accu ra t e  t o  indulge i n  a t tempts  t o  de r ive  
genera l  formulas for t h e  response when computer programs w i l l  determine 
response funct ions i n  f r a c t i o n s  of  a second. The computer programs 
must be developed which can be r e a d i l y  used by those involved i n  the  
dynamics o f  missiles. It i s  t h e  purpose of t h i s  r e p o r t  t o  o u t l i n e  the 
theory f o r  ob ta in ing  t h e  frequency spectrum and respanse func t ions  and 
then i n d i c a t e  how t h e  programs can be used by those who a r e  i n t e r -  
es ted .  The theory w i l l  then be worked o u t  f o r  p a r t  of the Saturn 
LOX tank and t h e  r e s u l t s  w i l l  be compared with tests run a t  t h e  Mar- 
s h a l l  Space F l i g h t  Center. 

B a s i c  Equations 

A .  Response funct ions 

For i s o t r o p i c  uns t i f f ened  p res su r i zed  she l l s  conta in ing  f l u i d  the 
equat ions of motion can be w r i t t e n  

?a 'w. Flugge, " S t a t i k  und Dynamik der Scha len , "  
1954,  p .  191 and 229 .  

Sp r inger-Ver l a g ,  
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I f  t h e  s h e l l  i s  assumed t o  have f r e e l y  supported ends then t h e  modal 
func t ions  can be d i sc r ibed  by  t h e  set of  displacements 

where t h e  nomenclature i s  given i n  t h e  l i s t  of  symbols. 

These modal func t ions  a r e  very r e a l i s t i c  f o r  t h i n  s h e l l s  which a r e  
s t i f f e n e d  by r i n g s .  These funct ions desc r ibe  t h e  displacements be- 
~WCSPE the r h g s  -assi iming t h e  r i n g s  t o  be r i g i d  supports  f o r  t h e  very  
t h i n  s h e l l .  
t h e  p re s su re  t h a t  would be induced i f  t h e  s h e l l  w e r e  extended indef-  
i n i t e l y  i n  both d i r e c t i o n s  then t h e  e ua t ions  f o r  t h e  response func- 

Consider f i r s t  t h e  s t a t i o n a r y  response t o  a simple harmonic func t ion  
appl ied  normal t o  t h e  s h e l l  ( i n  t h e  same fashion as Crandal l  and 
Yi ld iz4  f o r  beams) 

I f  t h e  i n t e r n a l  f l u i d  p re s su re  can be represented by 

t i o n s  der ived  i n  a previous re ference  9 can be appl ied  d i r e c t l y .  

[ 3 1  C Y H r  

The response w i l l  be t h e  so lu t ion  t o  t h e  following se t  of simultan- 
eous a l g e b r a i c  equat ions  

i w t  RY.,~B,~I= e whg& 9 

3 ,  
J. E.  Greenspon, "Vibrat ions of Thick and Thin Cy l ind r i ca l  S h e l l s  
Surrounded by Water," J G Engineering Research Associates ,  B a l t i -  
m o r e ,  Maryland, Cont rac t  N o .  Nonr - 2733(00), Tech. Rep. N o .  4 ,  
Sept .  1960 (Sponsored by Off ice  of Naval Research) 

S. H. Crandal l  and A. Yi ld iz ,  "Random Vibrat ion of Beams," ASME 
Paper No. 61-WA-149. 

4. 
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For explana t ions  of  t h e  i m  edanc s assoc ia t ed  with t h e  i n t e r n a l  and 
e x t e r n a l  f l u i d  ( x-=, J,.,, .J >-, ) t h e  reader  i s  r e f e r r e d  
t o  a previous re ference .  

The s t a t i o n a r y  response can be w r i t t e n  

4 3 
a 3 
a,, - g I -  b ' 

[ 51 

= o  [ 71 

9 .r(;c,tt) = HY(*c,*,L3) ikJt & *zK&,,, 
A 

~ 6 + ,  t/.l*r (+, w )  e iut - -v~ - 1 LLn hq 
t l ,=A-,  ~ = L3*- A k L  = cLK 

The H J ~  a r e  known a s  t h e  displacement t r a n s f e r  func t ions  f o r  l a t e r a l  
loading  on t h e  s h e l l .  These func t ions  can be used f o r  response due 
i o  lateral rz,ndcm loiding- s i m i l a r  response func t ions  can be w r i t t e n  
f o r  l o n g i t u d i n a l  and t a n g e n t i a l  loading. 

B. Frequencies 

The frequency spectrum i s  obtained 

% a% 
4 I 4 L. 

0 3  I 4 L 
The values of c3 which s a t i s f y  t h e  

*) && ~ I) 5 ,  , 9% a r e  t h e  frequencies ,  dpeS of t h e  s h e l l  
f o r  t h e  given mode shape descr ibed by A, . The determinant 
w i l l  have t h r e e  r o o t s  f o r  each mode shape: u s u a l l y  f o r  p r a c t i c a l  
a p p l i c a t i o n s  t h e  lowest r o o t  w i l l  be t h e  only one of s ign i f i cance .  

Arnold and Warburton have der ived an analogous frequency equat ion 
us ing  s e v e r a l  s implifying assumptions. I n  essence they  use t h e  s a m e  
displacement func t ions  b u t  employ Timoshenko's express ions  f o r  t h e  
s t r a i n s 6  i n s t e a d  of F lugge ' s .  

5 

It has  been shown t h a t  t h e  Arnold- 

5. R. N. Arnold and G. B. Warburton, Proc. Roy. SOC. A ,  Vol. 197, 1949, 
p. 238. 

S. Timoshenko, "The Theory of  Plates  and S h e l l s , "  McGraw H i l l  Book 
Co., Inc . ,  1940, p .  439. 

6. 
. ,  1 .  

-5- 

! 



7 Warburton theory i s  q u i t e  accu ra t e  even f o r  t h i c k e r  s h e l l s .  
frequency equation i s  (unpressurized s h e l i )  

Their  

where 

E f f e c t  of  I n t e r n a l  Pressure  

There are a number of  papers  which d i s c u s s  t h e  e f f e c t s  of i n t e r n a l  and 
e x t e r n a l  p re s su re  on t h e  f requencies  of  v i b r a t i o n  of  t h i n  s h e l l s .  8 
Among t h e  more ex tens ive  s t u d i e s  i s  t h a t  o f  Fung, Sechler ,  and Kaplan 
which a l s o  conta ins  a b r i e f  summary of s o m e  o f  t h e  o t h e r  important  
papers  on p res su r i zed  s h e l l s .  
examines t h e  secu la r  determinant f o r  f r e e  v i b r a t i o n s  of  f r e e l y  supported 
p res su r i zed  s h e l l s  t h e  e f f e c t  of  i n t e r n a l  or  e x t e r n a l  p r e s s u r e  can 
immediately be w r i t t e n  down without  any f u r t h e r  s i m p l i f i c a t i o n s  of  t h e  
theory.  To demonstrate t h i s ,  t h e  displacement express ions  f o r  4 ree ly  
supported ends a r e  s u b s t i t u t e d  i n t o  t h e  Flugge s h e l l  equa t ions ;  

It can be shown however, t h a t  if one 

7. 
J. E.  Greenspon, J. Acoust. SOC. Am., 32, 571-578 (1960).  

8. 

9. 
Y. C.  Fung, E.  E. Sechler ,  A. Kaplan, J. A e r o .  Sc i . ,  24, 650-660 (1960).  

W. Flugge, "Stresses i n  S h e l l s ,  'I Springer-Verlag,  1960, p .  423. 
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t h e r e  r e s u l t s  

I n  almost a l l  p r a c t i c a l  cases  P I  , 8 <e J e / . Therefore 
a l l  terms conta in ing? ,  and f.. can be neglec ted  except those  i n  t h e  

However if w e  only neg lec t  
t h e  f-1 9% terms i n  t h e  o f f  diagonal  c o e f f i c i e n t s ,  t h e  d ia -  
gonal c o e f f i c i e n t s  can be w r i t t e n  

e bracket  of t h e  t h i r d  equation above. 

where 

Thus t h e  n a t u r a l  frequency parameter of  t h e  p re s su r i zed  s h e l l  i s  
I 

w h e r e 3  i s  merely t h e  eigenvalue of  t h e  unpressurized s h e l l .  
r e s u l t  i s  q u i t e  genera l  and w i l l  hold f o r  s h e l l s  of apprec iab le  thick-  
n e s s  s i n c e  t h e  Flugge and Arnold-Warburton equat ions do hold f o r  such 
 shell^.^ Equation [12] can a l s o  be shown t o  hold i n  t h e  case of  some 
a n i s o t r o p i c  s h e l l s .  

This 

-7- 



The resu- l t s  of  equation [12] are i n  var iance  with those  of  Baron- 
Bleich'' for n=l; however t h e i r  r e s u l t s  approach t h e  va lues  p red ic t ed  
b y - t h i s  theory f o r  l a r g e r  n. According t o  [12] an i n t e r n a l  p re s su re  
w i l l  always-give an inc rease  i n  n a t u r a l  frequency and an e x t e r n a l  
pressure.wil1 always r e s u l t  i n  a decrease no ma t t e r  what mode i s  con- 
s idered .  Furthermore, the  e f f e c t s  o f  i n t e r n a l  p re s su re  w i l l  only be 
f e l t  f o r  the n=O mode i f  A i s  f a i r l y  l a rge .  The formula o f  Fung e t  
a18 a l s o  p r e d i c t s  t he  exac t  p re s su re  effect  as [ 1 2 ] .  T h i s  r e s u l t  i s  
however m o r e  general  than t h e  frequency equat ion o f f e r e d  by these  
i-nvest.ig&ors. 

C. Randam- loading 

By a s t r q i g h t  forward extension of the Crandall-Yildiz a n a l y s i s  f o r  
beam8 the lateral  -displacement of the shel l  can be w r i t t e n  

d o e  

-7-L 

MhJf#? t) = - = I  z2+- *=g - p ~ 4 ~ : ~ o ~ A u & , * )  - t -a)Ja ~ 3 1  

where &,pis the l a t e r a l  d e f l e c t i o n  due t o  a u n i t  impulse a t  t = O .  

I f  t h e  Ioad i s  assumed t o  have a known s p a t i a l  d i s t r i b u t i o n  $(L,d) 
-anc%-a random d i s t r i b u t i o n  i n  t i m e  Xct) , then t h e  displacement a t  
p o i n t  k,.d, can be w r i t t e n  

4vb =/  rH=c 
11 

From t h i s  p o i n t  on a l l  t h e  w e l l  known theorems f o r  random loading  
of  s i n g l e  degree of freedom systems can be app l i ed  t o  each term of  
t h e  above series. I n  p a r t i c u l a r  the  power s p e c t r a l  d e n s i t y  of t h e  
r e s p o n s e x u  can be w r i t t e n  

~ 7 1  
*=, - e o  

''OH. H. Ble ich  and M. L .  Baron, J. Appl. Mech, 2 1 ,  167-177, 1954. 
11. 

S. Crandal l ,  " S t a t i s t i c a l  P r o p e r t i e s  of Response t o  Random Vibra- 
t i o v ; "  Random Vibrat ion,  John Wiley and Sons, Inc . ,  1958, p. 77. 
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where s p ( , >  i s  t h e  power spectrum of  t h e  load. 

The power spec t r a  of the v e l o c i t y  and a c c e l e r a t i o n  follow d i r e c t l y  
by simply mul t ip ly ing  by W a  and &'respectively. The power 
spec t r a  of  t h e  long i tud ina l  and t a n g e n t i a l  response as w e l l  a s  t h e  
stresses i s  obtained by using t h e  appropr ia te  . 

D. E lec t ron ic  computer programs 

An e l e c t r o n i c  computer program has  been developed f o r  c a l c u l a t i n g  
t h e  t r a n s f e r  func t ions  of Crd cJ d and t h e  long i tud ina l  
and t a n g e n t i a l  stresses a t  t h e  su r face  of t h e  cy l inde r .  A compu- 
t e r  program h a s  also been se tup  f o r  t h e  n a t u r a l  f requencies  of  
unpressurized s h e l l s  by u s e  of t h e  Arnold-Warburton equat ions.  
The p r e s s x i z e d -  shell, f requencies  a r e  obtained by formula [ 121  . 

111. I l l u s t r a t i v e  example - Saturn Lox Tank 

A. General d e s c r i p t i o n  

The Marshall Space F l i g h t  Center has repor ted  r e s u l t s  of  s t a t i c  
tests on t h e  Saturn m i s s i l e . 1 2  
s t r u c t u r e ,  however t h e  r ings  a r e  assumed s t i f f  enough so t h a t  
they  a c t  e s s e n t i a l l y  as supports  for  t h e  s k i n  between them. The 
tes t  tank i s  one of  a s e r i e s  of p e r i p h e r a l  t anks  i n  t h e  Sa turn  
veh ic l e  and t h e r e f o r e  the  e n t i r e  tank i s  n o t  exposed t o  t h e  j e t  
noise .  The a c o u s t i c a l l y  shaded p o r t i o n  o f  t h e  tank i s  a s  shown 
i n  Figure 1. It w i l l  be assumed t h a t  t h e  loading i s  random i n  
t i m e  b u t  cons t an t  i n  space f o r  t h e  exposed p o r t i o n  of t h e  s h e l l  
and zero  f o r  t h e  shaded po r t ion .  The sound spectrum was extrapo- 
l a t e d  from measurements by Farrow e t  a l .  l2 
a t  the t e s t  s e c t i o n  i s  as  shown i n  Figure 2. 

The tes t  tank  i s  a r i n g  s t i f f e n e d  

This  load spectrum 

B. Natural  f requencies  of the test shel l  

The f requencies  of the unpressurized and p res su r i zed  tes t  s e c t i o n  
w e r e  computed from the Arnold-Warburton frequency equat ion5 and 
formula [ 1 2 ]  given i n  t h i s  r epor t .  These frequency s p e c t r a  a r e  
shown i n  F igures  3 and 4 .  One should note  the g r e a t  e f fec t  of  
p re s su re  f o r  l a r g e  values  of n. It i s  apparent  from t h e  frequency 
curves t h a t  t h e  important modes over a given frequency band cannot 
a r b i t r a r i l y  be se l ec t ed  without  c a r e f u l  s tudy of t h e  spectrum. 
Modes wi th  l a r g e  values  of n may be very important a t  low frequenr.  
cies.  Pressure  has  such a l a r g e  e f f e c t  t h a t  modes which might 

~ ~ 

1 2 .  
J. H. Farrow, R. E. J e w e l l ,  and G. A. Wi lho ld , "S t ruc tu ra l  Re-  
sponse t o  the Noise Input  of the Saturn Engines," Symposium on 
S t r u c t u r a l  Dynamics of High Speed F l i g h t ,  Apr i l  24-26, 1961, 
p. 710. 
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be i n s i g n i f i c a n t  a t  a given frequency i n  an unpressurized she l l  may 
be predominant a t  t h a t  frequency i n  the a c t u a l  p re s su r i zed  tank. 

C.  Comparison between t h e o r e t i c a l  and experimental  response 

The acce le ra t ion  pickup was loca ted  11 inches from t h e  lower r i n g  a s  
shown i n  Figure 1. 
p o i n t .  Assuming #=f (see Fig.  l), the value of Am,,. i s  

The response func t ions  w e r e  computed a t  t h i s  

(The pickup i s  loca ted  a t  ) 

Since the pressure  was assumed cons t an t  over t h e  length  of  the 
shell  and cons t an t  over the range 
odd m and odd n modes a r e  exc i ted .  
(n=O) w i l l  be exc i t ed  by t h i s  load d i s t r i b u t i o n .  

The  response was computed f o r  300, 400, 500, 600, 700, 800 cps.  The 
modes considered a t  each frequency a r e  given below i n  Table 1. 

- 4  --9 tg (4 '= r/z) I only 
N o  a x i a l l y  symmetric motions 

Frequency 

300 cps 
400 
500 
600 
700 
800 

Table 1 

Predominant Modes 

Modes U s e d  i n  Ca lcu la t ions  
m n 

1 1,3,5,7 
1 1,3,5,7,9,11 
1 1,3,13 
1 1,3,5,15 
3 9,11,13 
1 1 
3 9,11,13 

The following input  parameters w e r e  used i n  the c a l c u l a t i o n s :  

-10- 



The experimental  and t h e o r e t i c a l  acce le ra t ion  spec t r a  f o r  a band- 
width of 10 cps are shown i n  Figure 5. The experimental  r e s u l t s  
show a minor peak a t  about 150 cps whereas t h e  theory p r e d i c t s  t h e  
lowest frequency a t  about 340 cps (see Fig. 4 ) .  This l a t t e r  frequency 
correspondsto t h e  f i r s t  major peak shown i n  t h e  experimental  response 
curve.  The low peak a t  150 cps i s  probably a mode of t h e  e n t i r e  
s t i f f e n e d  tank. 
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Addendum t o  Report 

(Page numbers r e f e r  t o  o r i g i n a l  r e p o r t )  

P*  7 

P -  7 

p-~.8C 

P -  8 

p. 8 

P -  9 

p. 10 

I n  equat ion [9] each bracket  along t h e  diagonal should have 
a -aL term i n  it; t h u s  t h e  A*U bracket  i n  the 
f i r s t  equat ion should r ead (a1so  changing s igns  of 9, and 8% 
t o  r ep resen t  p o s i t i v e  i n t e r n a l  p re s su re )  

t h e  &* bracket  i n  t h e  second equat ion should read 

and t h e  f!* bracket  i n  t h e  t h i r d  equat ion should read 

I n  eq. [ 9 ]  change t h e  s igns  of a l l  terms involving F, and 9% 
the heading "C" should read "C. Random t i m e  Loading wi th  
assumed space d i s t r i b u t i o n "  

The paragraph a f t e r  eq. [16] should read 

From t h i s  o i n t  on, a l l  t h e  w e l l  known theorems for  random 
loadingl'l'can be appl ied  t o  t h e  above series. 
i f  cross product  terms a r e  neglec ted  t h e  power s p e c t r a l  den- 
s i t y  of t h e  response can be w r i t t e n  

I n  p a r t i c u l a r  

-- under eqiiatior; [ I? ] y . r r i  to ..& & -- 
I f  c r o s s  product  terms a r e  included 

~ & o o o b  

&(dl =7 7 2 7 A'**)- +hJI/HM&p.,d~/lUL&~j 
*=) PSJ f :a  w@*,-e P f )  P747 

The heading "111" should read 

111. I l l u s t r a t i v e  example - Saturn Lox Tank w i t h  assumed 
space d i s t r i b u t i o n  

The  s ta tement  immediately before  Table 1 should read 

The response w a s  computed f o r  300, 400, 500, 6 0 0 ,  7 0 0 ,  800 cps 
neg lec t ing  c r o s s  product t e r m s .  The modes considered a t  each 
frequency a r e  given below i n  Table 1 
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p. 11.Add t h e  following sec t ions  t o  the  r e p o r t  

IV. General Random Loading 

A, B a s i c  equat ions 
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Assume & can be written 

Then 

[ 223 
where &-- and 
the response functions of these modes. 

The average power spectral density is found by integrating over 
the area of the cylinder. Thus 

dYt are the phase angles associated with 

B. Application to Saturn Lox Tank 

If the correlation function is assumed to be unity in both the 
circumferential and longitudinal directions and if the cormla- 
tion, is zero over the acoustically shaded area, the power spec- 
tral density of the deflection is to 
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The power spectral density of the acceleration is determined by 
multiplying the above equation by W4 . This result is identi- 
cal to the result obtained in Section c of the report for assumed 
space distributions. 

Fig. 5a shows theoretical-experimental comparisons using eq. [17] 
of section C and using eq. [ 2 4 ] .  The results indicate that pro- 
duct terms do have significance in this case. There are some 
serious questions concerning the use of unit correlations since 
experimental evidence has shown that the space correlations in 
actual missiles in flight are much more comp1ex.The results do 
indicate,however,that order of magnitude results can be obtained 
from these simplifying assumptions. 
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